We introduce two types of Banach algebras of analytic functions on the unit disc which can be seen as weighted versions of closed primary ideals of the Korenblyum and (analytic) Wiener algebras, respectively. Such types of algebras arise in connection with convolution Banach algebras of Sobolev type, on the positive half-line, and their discrete analogues defined in terms of higher order differences. We show that all closed ideals are standard for algebras in the first class, and that closed ideals with countable hull are standard in algebras of the second class.
Introduction
Let B be a (non necessarily unital) Banach algebra of bounded holomorphic functions on the unit disc D := {z ∈ C : |z| < 1}, endowed with the pointwise operations and the norm · B . The problem of describing the closed ideals in B is generally not a simple question, but it is possible to give a complete classification of ideals in some important examples. In any case, a basic notion to consider in this setting is that one of standard (closed) ideal, see [2] . Here we widen slightly the concept of standard ideal as follows.
Fix a nonnegative integer k. Let (X n ) k n=0 be a family of closed subsets of T with X 0 ⊆ X 1 ⊆ · · · ⊆ X k , where T denotes, as usually, the unit circle. Assume that for every f ∈ B and every n = 0, 1, . . . , k the derivative f (n) extends continuously to T \ X n (so that the spectrum of regular maximal ideals of B is assumed to be D \ X 0 , in particular). For a closed ideal I in B and 0 ≤ n ≤ k, put . Let Q I be the greatest inner common divisor of all nonzero functions in I (see [12, p. 85] ). Then we call the ideal I standard in B if I = { f ∈ B : Q I divides f and f (n) = 0 on E n (I ), (0 ≤ n ≤ k) }.
There are important classes of Banach algebras as the previous B, with X k = ∅, where all closed ideals are standard; see the introduction and references of [2] . Among them, there is the Korenblyum algebra A k (D) , formed by definition by all holomorphic functions in D such that f (n) extends continuously to T for every n = 0, 1, . . . , k.
There are on the other hand interesting Banach algebras B, also with X k = ∅, which contain non-standard ideals and where, for instance, closed ideals with countable hull are standard [2] . Among these, we pay attention on the 
T).
In the present paper we deal with weighted versions of both Korenblyum and analytic Wiener algebras, separately. More precisely, for a nonnegative integer k, let ᑛ (k) (D) denote the Banach algebra of all functions f in the disc algebra A(D) := A 0 (D) such that f (1) = 0,
The norm in this algebra is given by
We can see that the algebra ᑛ (k) (D) is a Korenblyum type algebra with weight (1 − z 2 ) n in the n-th derivative, 1 ≤ n ≤ k. Similarly, we define H (T) arise in relation with convolution Banach algebras of Sobolev type on the positive half-line and their discrete analogues, respectively. This is as follows.
Let T 
The space T (k)
is a non-unital commutative semisimple Banach algebra for the convolution on (0, ∞), and a subalgebra of
. It was introduced in [1] , in the realm of integrated/distribution operator semigroup theory, and its applications to ill-posed Cauchy problems. From the point of view of the Banach algebra theory, a further study has been carried out in [6] , [7] , [8] , even in a fractional derivation setting. Among other properties, we have that the character space of T 
extends continuously up to the boundary iR of C + for j = 0, 1, . . . , k, and satisfies
Of course the restricted Laplace transform
is a bounded Banach algebra homomorphism. Moreover, L has dense range:
; see [8] .
As regards the ideal theory in T (k)
, a Nyman-type characterization of dense ideals has been given in [7] which raises the question of whether or not
. Such an equality holds in the case when k = 0, even for more general closed ideals (see [2] , [5] , [15] ).
In order to eventually undertake the investigation of closed ideals in T (k) + (t k ) (a task which is not simple even for k = 0, see the above references and [3] , [10] (T) appears in association with a discrete analogue of the convolution algebra T (k) + (t k ) which we introduce here using difference operators of higher degree: For a complex sequence a and integers n, m ≥ 0 put
Let τ k (n k ) be the space of sequences a such that lim n→∞ a(n) = 0 and
The space τ k (n k ) is a Banach algebra with respect to the convolution product of sequences, subalgebra of τ 0 (n 0 ) ≡ 1 (N 0 ), and the norm The algebra τ k (n k ) seems to be of interest in its own. There are spaces of sequences of higher (fractional) bounded variation, defined in terms of higher fractional difference operators, which have been considered in the context of Fourier multiplier theory, see [9] (although our space τ k (n k ) admits a direct extension, for any positive real number k, defined in terms of fractional difference powers, we are not going further in this direction here). In this way the convolution structure is incorporated to that framework. In a forthcoming paper we will find out the possible links between closed ideals of τ k (n k ) and those of T 
It turns out that we can get information about closed ideals in the algebras (T) are standard, Theorem 6.1 and Theorem 6.2. At this point, an attentive reader will have already noticed that by a Banach algebra we mean here any Banach space which, in addition, is endowed with a jointly continuous multiplication (so the submultiplicative norm constant need not be 1). Throughout the paper we will make use of the constant convention: the same letter, say C, is used for possibly different constants even in the same argument.
Preliminaries: Standard ideals in the Korenblyum and Wiener algebras
Let H ∞ (D) be the Hardy space of bounded analytic functions on D. As is well known, for every function f ∈ H ∞ (D) there exists the limit f (e iθ ) :
For an arbitrary family ᑠ of inner functions there exists a unique inner function Q which divides f in the sense that f/Q belongs to H ∞ (D) for every f ∈ ᑠ, and such that every inner function which divides each element of ᑠ also divides Q. The function Q is called the greatest inner common divisor (g.c.d., for short) of the family ᑠ; see [12, p. 85 ] An analytic function φ ∈ is called outer if it satisfies
where c is a constant of absolute value 1 and the function φ is measurable on T with log φ integrable. Every element g of H ∞ factorizes into g = g i g o , where g i is inner and g o is outer. We next recall how the above notions go into the ideal theory of the Korenblyum algebra. Let A(D) be the disc algebra, formed by the analytic functions on D which admit continuous extension to all of D, endowed with the supnorm · ∞ . More generally, we denote by
In this case the algebra norm is given by
Obviously,
Let us choose now an inner function Q and an arbitrary collection of closed sets
, possibly trivial. The fact that the closed ideals of A k (D) are all standard was proved by Korenblyum in his classical paper [13] . 
With pointwise operations and the norm defined by the above series, A
. , k, and the norm previously indicated is equivalent to
is standard, see [3] for k = 0, but we have the following partial result in the positive direction. 
. , E k (I )).

Banach algebras module-isomorphic to primary ideals in the
Korenblyum algebra Fix w ∈ T. The following simple lemma gives us the key tool for the section. It may be well known, but we include a sketch of proof for the sake of completeness.
for all j = 0, 1, . . . , n − 1.
Proof. Since for every
, it is clearly enough to show the formula for j = 0.
Take m such that 1 ≤ m ≤ n. Since ϕ (m) is continuous and ϕ (m−1) (w) = 0 we have, integrating by parts,
as was required.
Fix a natural number k. We define
, the Leibniz rule applies to show that the space H 
Clearly,
where each term is clearly null at z = w if n < k, and if j < k when n = k. It follows that there exists the limit lim z→w ((
The continuity of also follows by the above formula.
We are going to show that is surjective. Thus take ϕ ∈ I
extends continuously to D\{w} for every n = 0, 1, . . . , k. Moreover, it follows directly from Lemma 2.1 applied to the case n = k that the function f extends continuously to z = w as well. To show the extension of the derivatives of f we introduce the auxiliary function
w (D) and we have that the operator is bijective. Since is also continuous it is a Banach space isomorphism. Proposition 2.2 contains implicitly the following result.
Proof. As at the beginning of the proof of Proposition 2.2, the function 
In particular all closed ideals in H
= J (Q; ᑟ 0 , . . . , ᑟ k ) if we take ᑟ 0 = E 0 and ᑟ n = E n \ {w} (1 ≤ n ≤ k).
Theorem 2.5 allows us to determine also the dense ideals of the algebra H (k) w (D).
Corollary 2.6. An ideal I is dense in H (k) w (D) if and only if the elements of I have no common zero in D and there is no non-trivial common inner divisor of the elements of I .
Proof. An ideal I is dense in H 
Theorem 2.5 and Corollary 2.7 will be used together in the next section to get the characterization of closed ideals in ᑛ (n) (D).
Closed ideals in Korenblyum-like algebras
We show in this section that the closed ideals of the Banach algebra
and is endowed with the norm given by 
(D) is a subalgebra of ᑛ (k) (D). Every ideal I in ᑛ (k) (D) is invariant under the multiplication by elements of H
In particular the closed ideals of ᑛ (k) (D) (a) The multiplication operator
(b) The map determines a one-to-one correspondence between closed ideals of ᑛ (k) (D) and the ideals of
Proof. The Leibniz rule for derivatives implies that the space
. By applying Lemma 2.1 we then have that 
To obtain a more explicit description of the closed ideals in ᑛ (k) (D) we refer to the definiton of zero-sets of order k as it was given in the Introduction. So, for g ∈ ᑛ (k) (D) and an arbitrary closed ideal I of
Theorem 3.2. For every closed ideal I ⊆ ᑛ (k) (D) there exist an inner function Q I and a descending collection
where ᑟ 0 is a relatively closed subset of T \ {1} and ᑟ n , for 1 ≤ n ≤ k, is a relatively closed subset of T \ {−1, 1}, such that
Proof. Let I be a closed ideal in ᑛ (k) (D) . By Theorem 3.1,
for some inner function Q, where
k is an outer function. Thus for any function g in
as we wanted to show.
The above result tells us that ᑛ (k) (D) is another example of a (non-unital) Banach algebra on the unit disc with all closed ideals of standard form, see [2] .
Next we translate the previous results to the setting of the right-hand halfplane, which was one of our initial motivation to write this paper.
The Möbius map τ : λ → (λ−1)(λ+1) −1 transforms C + onto the disc D and C + ∪ {∞} onto D. The superposition with τ converts function algebras on the disc into function algebras on the half-plane. For a given space of functions
• τ . Note that, via composition with τ , the functions 1 + z and 1 − z on the disc correspond to the functions 2λ(λ + 1) −1 and 2(λ + 1) −1 on C + respectively. Then, it is straightforward to give an internal description of the functions which belong to
consists of all holomorphic functions F : C + → C such that λ n F (n) extends continuously to iR for 0 ≤ n ≤ k, and
, and, as a straightforward calculation shows, the mapping f
is a Banach algebra isomorphism. Recall that a holomorphic function F on C + is called inner (resp. outer) if F • τ is inner (resp. outer) in D, see [12] . The subsets E n (F ) ⊆ iR, for F ∈ ᑛ (k) (C + ), in the following statement are defined in a similar manner to the subsets
there exists an inner function G I and a descending collection E 0 ⊇ E 1 ⊇ · · · ⊇ E k of subsets of iR, where E 0 is closed in iR and E n , for 1 ≤ n ≤ k, is a relatively closed subset of iR \ {0}, such that
From here we can give descriptions of the dense ideals in
is dense if and only if the elements of I have no common zero in C + and the only common inner divisor of the elements of I is the function 1. A function F ∈ ᑛ (k) (C + ) generates the algebra if and only if F is outer and never vanishes.
The preceding corollary can alternatively be derived from [ Proof. Suppose that I is a dense ideal in ᑛ (k) (C + ). Obviously Z (I ) = ∅, where Z (I ) := {λ ∈ C + : f (λ) = 0 for all f ∈ I }. Suppose that for some a > 0 the space e az I is formed exclusively by bounded functions. Every element F of I is of the form F = e −az f where f is analytic and bounded in
converges uniformly on C + in particular, so it is a Cauchy sequence uniformly on C + . Thus we have
Since f n − f m is bounded on C + , a version of the maximum modulus principle in for some a > 0, see [12] . Every element of I is then of the form e −az Q 1 f , where Q 1 is an inner function and Q 1 f is bounded. Hence e az I consists of bounded functions. The proof follows.
Sequences of higher order bounded variation and convolution
In this section we introduce a discrete version of the algebras T n + (t n ) referred to in the Introduction. Let (a(n)) ∞ n=0 be a complex sequence. Throughout the section we shall consider the so-called difference operators
for every non-negative integers n and k. As a matter of fact k is explicitly given by
The operator is invertible on the space of sequences with finite support c 00 , with inverse
An expression for the inverse −k of k will be given later. We begin with a reproducing formula involving higher differences.
Lemma 4.1. Let a(n) be a sequence of complex numbers with lim n a(n) = 0. Then
Proof. To show (4), notice that for every j, n ≥ 0 we have
. Next, we prove (5). First notice that, by induction on N , it is readily seen that
Now we proceed by induction on k. Take n a nonnegative integer. As before (for j = 0, 1),
Let assume that (5) holds for fixed j with 0 ≤ j < k. Then
, where (6) has been used in the last equality (note that the exchange of summation order in the above calculation is justified by (4) and the finiteness assumption of the statement). The induction process has been completed.
The above result suggests introducing an operator, say −k , in the following way.
For each sequence (b(n))
for the second equality note that • = Id), where we are assuming tacitly that both operators act on suitable sequences and Id is the corresponding identity operator. Definition 4.2. Let τ k (n k ) denote the vector space of complex sequences a(n) such that lim n→∞ a(n) = 0 and
Then τ k (n k ) is a normed space with respect to the norm
Since (n + k + 1) (n + 1) −1 ∼ C k n k , as n → ∞ (for fixed k), the norm a τ k can be equivalently expressed by
We shall use this fact freely in the sequel. By Lemma 4.1 and the remark prior to the above definition, the operators
are inverse one of each other (continuous) mappings. In particular τ k (n k ) is a Banach space. From the estimate given in (4) one obtains the continuous inclusions
Also, the space c 00 of sequences with finite support is dense in
for n ≥ 1, and δ 0 τ k = 1.
Remark 4.3. The following sequences are relevant in our setting. For m ≥ 0, put
The family ( k−1 m ) m≥0 is to be considered in the present setting as a version, on N 0 , of the Riesz means on (0, ∞), see [7] for instance. Let us find the norm of k−1 m for each m. Note that, for every p ≥ 0,
and therefore
The previous estimate is important because it enables us to express any
In fact, for a given p ≥ 0, we have that
Finally, the last series converges in the norm of τ k (n k ). Next, in the second half of this section we prove that the Banach space τ k (n k ) is a Banach algebra for the convolution. This result relies on the following formula. 
Now, let pay attention to the second term of the last member in the the above set of equalities. By expressing a(p) using (5) and then rewriting indexes, we obtain (r + k) (r + 1) k a(r + q + n + 1) .
In conclusion, −k h = (k)(b * a); that is, (k) k (b * a) = h as we wanted to show.
Note that, in the calculations of the above proof, we do not need to check the validity of exchanging the order of sums since it can be assumed that we work with sequences in the space c 00 , which is dense in τ k (n k ). For a natural number k and a ∈ τ k (n k ) we know that
